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DENIS POTAPOV*, ANNA SKRIPKA**, AND FEDOR SUKOCHEV* 

Abstract. Wo derive strong estimates for Schatten norms of operator deriva- 
tives along paths of contractions and apply them to prove existence of higher 
order spectral shift functions for pairs of contractions. 
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O ■ 1. Introduction. 

O: 

Let A and B be bounded operators on a separable Hilbert space Ji and / be 
■ a sufficiently smooth function for which the functional calculus f{A), f{B) makes 

, sense. The question concerning conditions on the operators A and B and the 

I't ^ , function / under which the trace formula 

'. Tr if (A) - f{B)) = / rmt) dt (LI) 

holds (here ^ depends only on A, B and the integration is taken over a suitable 
domain) can be traced to M. G. Krein's penetrating papers [TOl fTTl [T2l I13| . 
^ ■ In case when the difference f{A) — f{B) is not in the trace class, S. L. Koplienko 

, suggested in [5] to modify the formula (|l.ip as follows: 

OO: r^,. I ff a: \- ^ 

O \ fc=0 

I where 77„ depends only on A, B, and n G N. The question of validity of the formula 

(|1.2p was later investigated for various classes of operators A and i? in [6j [T4j [TBI 

MM- 

In this paper, we answer the latter question by proving that (|1.2p holds for A and 
B arbitrary contractions (with the minimal restriction on A — B to guarantee that 
the left hand side of (|1.2|) is well defined) and / being a polynomial Q To realize 
this goal, we establish powerful estimates for derivatives of operator functions along 
paths of contractions which are of independent interest. Our proof involves subtle 



/ 71—1 -1 jfc \ r 

Tr (/(A)-^-^[/(i3 + ^(A-B))][^ J = Jj^-\t)r,^it)dt, (L2) 
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synthesis of ideas from recent advances on multiple operator integration for self- 
adjoint operators |19j , double operator integration of functions of several variables 
[8| , and application of classical theory of analytic functions in perturbation theory 
in the spirit of [50] as well as develops new interesting methods. 

We proceed with a more detailed description of the history of the question and 
our main results. 

It is known that given a pair of self-adjoint operators Hq and V on a separable 
Hilbert space, with V in the Schattcn-von Neumann ideal S*", n G N, there exists a 
function rjn, called nth order spectral shift function (SSF), depending on n,H(),V 
such that (|L2)) holds with B ^ Hq and A = Hq + V. The cases n = 1, n = 2, 
and ri > 3 are due to M. G. Krein [TU], L. S. Koplienko [S], and the authors pT^] . 
respectively. The formula (|1.2p has been extended from the original set of functions 
/ to the Besov class B^^ in [T5 l fTB l [2] . 

Existence of the first and second order spectral shift functions for a pair of 
unitaries Uq and Uq + V was established in [TT] in case V £ and in [T3] in 
case V G S^, respectively, but it has taken longer than in the self-adjoint case 
to find plausible SSFs for pairs of contractions. References on partial results for 
specific pairs of contractions can be found in [U [5D] . Existence of the second order 
integrable SSF for any pair of contractions Uq and Uq + V with V £ S'^ has recently 
been proved in [50]. The latter paper answers [0] Question 11.2] for V E S'^, and 
in this paper we obtain the result for much more general perturbations V G S*", 
?T, > 3. More precisely, we prove existence of an integrable higher order spectral 
shift function for any pair of contractions Uq and Uq + V with the perturbation 
V e 5", n > 3. 

We fix our main notations below. 

Notations 1.1. (i) Let Uo,Ui be contractions on a separable Hilbert space 

%. Denote V := Ui — Uq and define the path of contractions 

Ut:={l-t)Uo + tUi = Uo+tV, te[0,l]. 

(ii) Let n e N. For f a polynomial, denote 

RM, Uo, V) := f{Uo + V)-J2 -TTjfiUo + tV) . 

Our main results are the following two theorems. 

Theorem 1.2. Assume Notations \1.1\ (p]). Then, there exists a constant c„ > 
such that for any polynomial f the following estimates hold. 
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(i) If a > n and V Cz 3°" , then 



sup 

toe[o,i] 



(ii) IfV e S'\ then 



sup 

toe [0,1] 



-to 



<Cn\\&^\L^iT)\\V\\2. 



<c„||/(")|U.o(T)||F|i: 



(1.3) 



(1.4) 



Differentiation of analytic Besov functions of contractions was discussed in jl7| , 
but estimates for operator derivatives that follow from the results in [T7] 

d" 



sup 

toe [0,1] 



Tr 



<cJ|/W|| II^II^J. 



contain a factor of the integral projective tensor product norm of the nth 

order divided difference /t"' of /, which is greater than the norm ||/^"''||oo, while 
the estimates with ||/''"-'||oo are needed in the proof of existence of higher order 
spectral shift functions. 

As a consequence of Theorem 11.21 we establish existence of the higher order 
spectral shift functions for pairs of contractions. 



Theorem 1.3. Assume Notations and assume V £ S*" . Then, there exists a 
function ijn = 'i]n.Ua,V j'^ i^(T) such that 



Tr(i?„(/,[/o,F)) = / f(^\z)7^^{z)dz 



(1.5) 

Furthermore, for every given e > 0, the function rjn satisfying (|1.5p can be chosen 
so that 



hnWi < {l + e)cjV\\^, 
where Cn is a constant from Theorem \1.2\ 



(1.6) 



The proof of Theorem 1 1.2 1 is given in Section [5] and the proof of Theorem 11.31 in 
Section [3l Theorem 1 1.2 1 in case of contractions naturally reduces to the case of uni- 
taries, while the case of unitaries requires a very sophisticated treatment. Although 
our main results arc analogous to the respective results in the self-adjoint case |19| . 
the proofs cannot be carried over from the self-adjoint case via standard transfor- 
mations relating unitary and self-adjoint operators and we provide an independent 
treatment for the case of unitaries. 

Throughout the paper, T-L denotes a separable Hilbert space and S^{B{TL)) (or 
merely 5") the nth Schatten-von Neumann ideal on H, that is, 

S^iBin)) ^{Ae Bin) : ||Aj|„ Tr (lAj")'/" < oo}. 
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where Tr is the standard trace. 



2. Proof of the principal estimates. 

The following differentiation formulas for monomials of contractions can be es- 
tablished directly by definition of the Gateaux derivative (with convergence in the 
operator norm) and the method of mathematical induction. 

Lemma 2.1. Let Uq and V be elements in B{'H) and let n, fc € N. Then, 



Tjk\ ) ko,ki.,...,k„>0 , . 

Ut I ~ i ko+ki + --- + k„=k-n (.^--Lj 



0, 



if n > k. 



Lemma 2.2. Assume Notations ll. 1\ and assume € S*". Then, for f a poly- 
nomial and t G [0, 1], 



Tr(:^m))=Trf|:^m)^). 



Proof. It is sufhcient to prove the lemma for monomial f{x) — x"', to G N. From 
Lemma 12.11 



— f(Ut) = n\ 
dt"- ^ ' 



E 



ul^°v ■ . . . ■ VU^" 



A;o :^i 1 ■ ■ -5^71 ^0 
^'0 + ^1 H \-kn—m—n 



Applying trace and using its cyclicity, we further have 

(ko + l) Ut°V ■ ...-VUt^-'V 

J 



TM^/(C/0)=n!Tr 



ko.,ki,....kn >0 
\fco+^i H \-kn-^i—m — n 



Using cychcity again and reindexing, we also have that 

{kj + 1) Ut°V ■ VUt"-'V 



Tr(^m))="!Tr 



V^o :^i : ■ ■ - ^kji >0 
^o+A;iH \'kn — i—7n—n 



Taking the sum over j — 0,l,...,n — 1, we arrive at 

/ 



\^fiUt)] -m(n-l)!Tr 



E 



ko ,ki ,. . .. kn ^0 
\A,'o+/i:iH \-kn-i—m—n 



J 

where j = 0, 1, . . . , n — 1. 

\ 
/ 



Hence, using Lemma l2. II again, we obtain 



HIGHER ORDER SPECTRAL SHIFT FOR CONTRACTIONS 



5 



□ 

The proof of Theorem 1 1.2 1 is simpHficd by the two following lemmas and will rely 
on Theorems [Ml and [2T7l 

Lemma 2.3. Let n G N, a > n, and V G . If the estimate (jl.3|) with to ~ 
holds for any unitary Uq and contraction Ui on every separable Hilbert space K. such 
that V = Ui — Uq G S"{B{IC)), then it holds with any to G [0, 1] for all contractions 
Uo and Ui on % such that V = Ui - Uq e S°'{B{'H)). 

Proof. Fix to G [0,1]. Let Uta be the minimal unitary dilation (which is unique 
up to an isomorphism) of lAt^^ = Uo + toV defined on the space IC Z) H. Then, 
/ ^ f{Uto) Pnf{Uto)\^ for every polynomial / [H Theorem 4.2]. From 
we derive 

^7" / ^7" . \ 

(2.3) 



di 



-{fiUo + tV))l^^^^Pn (^^/(f/*„ +tP«VP«)|^^„j 



H 

(Dilations for more general multiple operator integrals were performed in [171 
Lemma 3.3]. The proof above owes to the approach of [13 •) 

Let denote the orthogonal complement of "H in /C. We have 

V PnVP-H e S^iBin) © B{n^)) 

and llyjla = llVjla. Since, by the assumption, 

—/([/*„ + tV)l^^ e S^{B{H) e B{H^)) 

and (|1.3|) holds for the unitary Uto and perturbation V, we deduce from (|2.3p that 
^ {fiUo + tV)) l^^^ e 5 " {B(n)) and (HH) holds for Uo and V. □ 

Lemma 2.4. Assume Notations {J7T\ Q and assume that V €z S" , with a > n. If 
the estimate (|1.3p holds for every unitary Uo whose spectrum is a finite set, then it 
holds for an arbitrary unitary Uo- 

Proof. Let 

N-l 

Uo,N ^'^''^''E{[j/N, {j + 1)/N)), 

j=o 

where E is the spectral measure of Uq. Then, \\Uo - C/q tvH < with k e N. 
Since the left hand side of (|1.3p depends continuously on Uq in the operator norm 
(see (|2.ip ). passing to the limit as oo completes the proof. □ 
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Therefore, we can and shall assume in the proofs below that Uq is a unitary 
whose spectrum is a finite set. Also note that it is enough to establish (jl.3p for a 
subsequence of {?7o,Af}iVGN (rather than the whole sequence). 

Definition 2.5. Let n,N gN. Denote 

and given a spectral measure E on T, denote 

E,:=Eiz,), j = 0,...,N-l. 



Let 1 < ai < oo, for z = 1, . . . , n, and 1 < a < oo be such that — + ■■■ + — = —. 
For (j) a bounded Borcl function on T"+^ and B a Borel subset of T"+^, we define 
the mapping 

(xi, . . . ,a;„) h-> T^{xi, . . . ,a;„) 

on 5""^ X ... X 5"" with values ir|^ S", called a multiple operator integral with 
symbol 0, by 

T^{xi,...,Xn) ■■= (l^i^JO^- ■ ■ ^ZjjEjgXiE.j^X2 ■ . -XnEj,^. (2.4) 

We also use the shortcut := Tj""^^ . 

Note that if B and C are disjoint Borel subsets of T"+^, we have the additivity 
of the multiple operator integral over the region 

4, — ^ 4, + <p 

and if are bounded Borel functions on T"+^, we have the additivity over the 
symbol 

We recall that the divided difference of the zeroth order /["I is the function / 
itself. Let Aq, Ai, . . . e R and let / G C". The divided difference /'"l of order n is 
defined recursively by 



/["I (Ao,Ai,A2,...,A„) = < 



^'""'("°-"--";;):{;""'<"^-"---""\ ifAo^Ai, 
^SXr/'"""(Ai,A2,...,A„), if Ao = Ai. 



^We shall frequently omit writing the image space of Ta 
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If /(A) = A^ then 



/N(Ao,Ai,...,A„)= AS°A^...Afr 

ko ,fci ,. .. jfcj^ >0 
ko-\-ki-\ \-kn—k—n 

Lemma 2.6. Assume Notations \1.1\ Suppose Uq is unitary and the spectrum 
of Uq is concentrated at the points {zj}^SQ^ . Let E be the spectral measure of Uq, 
let f be a polynomial, and V G Then, 

n times 

Proof. It is enough to prove the lemma for an arbitrary monomial f{t) = t^ . By 
the spectral theorem applied to Ut with t = on the right hand side of (j2.ip . we 
obtain the needed formula 

N-l 

^V^t \t=ol 



ja-ji,----jn=0 kQ,ki,...,k„>0 

ko+ki-\ l-kn — k — n 

N-1 

= n! J2 f^''H^jo,^n,---,ZjJE,,VE,,V...VE,„. 

j0,jl,---,jn=0 

□ 

Throughout the paper, we shall frequently use the following algebraie properties 
of the mapping (f> >• built over a discrete measure of a unitary operator, whose 
self-adjoint counterpart was established in [121 Lemma 3.2]. 

Lemma 2.7. Let 1 < a, at < oo, for 1 < i < n, be such that < — = — + ... + 
^ < 1. Let x^ e 3°"% I <i <n. Let B be a Borel subset o/T"+^ 

(i) Let (j) : T"^"'^ i— > C fee a bounded Borel function and let the transforma- 
tion Tj' : S*"! X . . . X 5"" S*" fee bounded. If 



(f'i^o, Ai, . . . , A„) :— (j){Xn, A„_i, . . . , Ao), 

B := {(Ao, Ai, . . . , A„) : (A„, A„_i, . . . , Aq) G B}, 
then : S""! X . . . X S*"" S"" is bounded and 



\rpB\ 



rpB 
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(ii) Assume, in addition, that 1 < ao ^ oo and 7~ + • ■ • + 77- = 1- Let (j) : 
^n+i 1— s. C 5g a bounded Borel function. Assume that is hounded on 
S"' X ...X 5"" . Define 

B* := {(Aq, Ai, . . . , A„) : (A„, Aq, . . . , A„_i) G B}. 
Then, T^' is bounded on S°"> x . . . x S*""-! and 

Tr (xor^(a;i, . . . ,a;„)) = Tr (t^, (zq, . . .,x„^i)x„^ . 

(iii) Let (pi : T''^^ M' C and (j>2 : T"^'''+-^ 1-^ C be bounded Borel functions 
and let Bi and B2 be Borel subsets of T'"'+^ and T"-'^+i ^ respectively. 
Suppose that the operators T^^ and T^^ are bounded on 5"^ x . . . x 5*"* 
and S'"''+i X ... X 5"", respectively. If 

ip{Xo, ■ ■ • , A„) := 01 (Ao, . . . , Afc) • 02 (Afe, . . . , A„) , 

B := {(Ao, . . . , Afe, . . . , A„) : (Ao, . . . , Xk) G Bi, (A^, . . . , A„) e B2}, 
then the operator : 5"^ x . . . x S*"" i— >■ 5" is bounded and 

(xi,. . . ,a;„) = T^^i (xi,. . .,2;^) • T^" (x^+i,. . . ,a;„) . 

(iv) Let 01 : T*''+-'^ ^ C and 02 : T''^'^^^ i-> C &e bounded Borel functions and 
let Bi and B2 he bounded Borel subsets o/T'^+^ andf^^^^"^, respectively. 
Suppose that T^^ and T^^ are bounded on S"^ x . . . x 3°''' and S°'° x 

X ... X 5*"", respectively, where — = — + ... + —. If 

i/)(Ao, . . . , A,i) := 01 (Ao, . . . , Afc) • 02 (Ao, A^, . . . , A„) , 

B := {(Ao, . . . , Afc, . . . , A„) : (Ao, . . . , \k) G Bi, (Ao, Afc, . . . , A„) e B2}, 
then the operator : S"'^ x . . . x S"" i— ?■ S" is bounded and 

{xi,...,Xn) = T^^ {t^^{xi, . . . ,Xk),Xk+l, ■ ■ ■ -.Xr^j . 

Proof. Assertion jil can be established by taking the adjoint in p.4[) . follows 
from the cyclicity of the trace, and and (|Iv)) can be verified by comparison of 
the multiple operator integrals that appear on both sides of the equalities. □ 
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The main estimate (|1.3p has an antecedent in the self-adjoint case [TH]; however, 
many subtle details in the proof need to be changed. The case of unitaries is 
technically more involved than the case of self-adjoints, and to compensate for 
the increasing complexity, we make a "shortcut" through use of classical complex 
analysis and some results of [5] (which are based on multidimensional harmonic 
analysis). 

The estimate (jl.3p is proved by induction on n; the base of induction is estab- 
lished in the following theorem. 

Theorem 2.8. Let h be a polynomial, to G N U {0}, and A,/i £ D. The double 
operator integral with the symbol 

0/..™(A,m) := / f"MA + (m - A)t) (2.5) 
Jo 

is bounded on S" , 1 < a < oo, and 

\\T4,^^^\\a < Ca,rn\\h\\oc, (2.6) 

where \\T^^ „||a is the norm of the operator T^^ : S*" i— > S" . 

Remark 2.9. If m = and h — /', then 1/)^,™ — Z'^'- 

To prove the estimate of Theorem 12.81 we utilize the following decomposition, 
which has a complex analytic proof (as distinct from its counterpart [191 Lemma 
5.7] in the self-adjoint case). 

Lemma 2.10. Let to G N U {0}. For A, ^, G T, with X ^ 11, and h a polynomial, 
0h,m(A,At) = f ^ \Ji~x) (l^h,mi^, fJ-) 

m~l / ^ s fc+l / J. X \ m — k 









4) 






\l'- 





k=0 

where the third sum is not present if m — 0. 

Proof. Let /i] denote the segment beginning at point ^ G C and ending at point 
M G C. 

In the first integral, we make change of variables uj{t) = A + (p — X)t. The 
function uj attains its values in D. We note that t ~ ^^^^ and dt = duj and. 
hence, 

^ '' ^ UJ — X\™' , , , du} 



t"'h{X+{^i- X)t)dt^ h{uj) 







[A,,i] \M ^ A/ /i - A 
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By the Cauchy integral theorem, 

Jlx.i]+lUWt^M VA* - A/ 
which, by additivity of the integral over the region of integration, implies 

ClI — A \ did 

n(uj) 



^ X ''(^^ \+ \] ^^^^ V 

Using the straightforward decompositions 
Lo — X /cj — A\/^ — A 



/i — A — Ay\/i — A 

we derive 

f^hiX + X)t) dt 







A*-A/ 7o V/^-A 
M-A/ VAi-A 



m-l / _ c \ '^■+1 / f _ \ \ /•! 



fe=0 



□ 



In the proof of Theorem 12. 8[ we shall need to factorize the double operator 
integral according to the decomposition of the symbol (l)h,m derived in Lemma [2. 121 
below. 

Recall the following useful representation for positive fractions. 

Lemma 2.11. ( \21[ Lemma 6] J Let S G M+. There exists gs : M. i-^ C such that 

Jg^\s\''\gs{s)\ ds < oo, k>0, and such that for all A, /i > with < < S, 

X 
A^ 

Lemma 2.12. Let w G T, 5 E IR+, i, j G {0, . . . ,N — 1}, and let gs be the function 
from Lemma \2.11\ If |^'_^" j < 5 and |^^_"'| < 5, then for m G N U {0}, 

(lih,m{ziT Zj) 



gs[s)y' ds. 



I I \ m+1 / \ ?n+l /I I \ i(m+l)s 

\Zj-Zi\\ f Zj-W \ f\zj-w\^' 



m{s) [ — ) ( 1^^—^ ) ( TT — ) (l^hMw, Zj) ds 
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lit i n 













( 


— w 






— w \ 










-w\) 



■m — k 

Proof. The result follows from the straightforward decomposition for complex num- 
ber^j 



and Lemmas ETUI and \Tn\ □ 
Application of [51 Theorem 3.4] to the functions 



\/x\ + a/xJ + x^2 ^ 

defined on \ {0} and multiplicativity of the double operator integral from Lemma 
12.71 (pv| implies the following result, which will be frequently applied in the paper. 

Lemma 2.13. Let B, C he subset o/ {0, . . . , iV - 1} and let to G N, s € R. For 

X € S" , 1 < a < oo, denote 



T,{x):= ^ |z, -Zjf^S.xi;^. 
Then, there are constants Ca and Ca^m such that 

|l^m(^)||Q — ^a.77i\\x\\a: 
11^ — m(^)||Q — ^a.7n\\x\\a^ 
\\rs{x)\\a < Ca{l + \S\ + \s\^)\\x\\^. 

Proof of Theorem \2.8[ Denote 

2nk 2n{k + l] 



Qfc := z e T : arg(2) € 



fc = 0,l,2, 



3 ' 3 

DkoM ^ {{zjoiZjJ : ^jo'^ii S Qfco U Qfci}, fco,fci =0,1,2, 
Dd = {{zjo,ZjJ : Zjo> S Qk, fc = 0, 1, 2}. 



= and A := 0. 

|z| 

The sets _B and C vary, but the estimates do not depend on the choiee of B and C, so they 
are omitted in the notation of the respective double operator integrals. 
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Since 

rp rpD^) i rpD\ 2 , rpDo 2 rpD ^ 

it is enough to prove the theorem separately for each of the summands. We shaU 
demonstrate only the case of T^"-^^ ; the other cases can be handled completely 
analogously. 

The estimate (|2.6p for a = 2 is well-known. The boundedness of T^°'^ for 
a 7^ 2 is proved similarly to how it was done in |19l Theorems 4.1 and 5.6] in the 
self-adjoint case. 

As a first step, we show that if a, /3 € (2, oo) and 

2-1 =a-i+ri 
and if j|/i||oo < 1 (and, hence, ||0/i.m||oo < l), then 

K::;iL^^"-(i + llC::ilJ' (2.7) 

by showing 

Tr {yT^:::{x)) I < c„,™ (l + \\T^:;J^) MJvV, (2.8) 

where a^^ + a'^^ = 1. In the proof below we assume that \\x\\a = 1 and = 1. 

Let N from Definition 12.51 be divisible by 3. To show (|2.8p . recall that the 
triangular truncation is a bounded linear operator on S*", 1 < a < oo (see, e.g., [S] 
or [7|). By standard techniques, one can see that T^^' is bounded on the diagonal 
set ^0 = {{zjQ,Zji) <= Dq^i : Zjg = zj^}. (Details can be found on p. 383 of [2T| . 
We will provide a more general argument in Lemma 2.18.) Thus, we can assume 
that X is upper triangular and off-diagonal and y is lower triangular with respect 
to the family of projections {Ej}^J^Q ^ (as in Definition 12. 5p . 

We can assume that y is finite rank because the class of lower triangular finite 
rank operators is norm dense in the lower-triangular part of 5*" . Given e > 0, there 
is a factorization y = ab, where a & and b £ are lower triangular and 

l<\\a\\2\\by<l + e 

(see, e.g., [TSJ Theorem 8.3] and references cited therein). Therefore, 

Tt (yT^"'^{x)j =: ^ 4>h,r,i{zi,Zj)Tv [EjaEibEixEj). 



i<i<j. ii^i 

i,j,i = 0....,JV/3-l 



Note that for i, j, / as in the summation above and E = we have j < 8 

and — < 5. The algebraic properties of the multiple operator integrals stated 
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in Lemma 12.71 and the decomposition of the function (f>h,m from Lemma 12.121 with 
u = zi imply 



Tr(2/Tf-(x) 



(2.9) 



gsis)TT (a-T„,+i (r,.(m+i) (T^^^ (6))) • T_(„+i) (r_^(„+i) (x))) ds 
gsis)TT (Tm+i (rs(m+i)(r^;..„(a))) ■ & ■ T_(,„+i) (r_s(Tn+i) (a;))) ds 



+ E^™ / 55(s)Tr % , (T 

fc+i(rs(fe+i)(a))) • Ti(rs(,„_fe)(6)) 

• T„(„+i)(r_^(„+i)(a;))^ ds, 

where 4>h.rn{^, /^) — 4>h.m{^'i A). By properties of the double operator integral on 5^ 
and Lemma [2. 131 

(T^fe+i(rs(fc+i)(a))) ^ < ||0ft,fc||oo||Tfe+i(r,.(fc+i)(a))||2 < ||a||2. 

Next, we apply Lemma [2. 131 and \\T^^ ™ll = \\^4>h mil Lemma [^?71 to derive 

Tr {t^^ ^ (Tfe+i(r,(fe+i)(a))) • Ti (r^(„_fe)(6)) • T_(,„+i) (r_3(„+i)(a::)) 

Iklb ||Ti(r 

W)ll 

< c„,,„(l + \s{m + 1)1 + |s(m + 1)1^)2(1 + e) 
as weU as 



< ||a||2||T„+i (r.(„.+i)(r^,^(5))) 



I Tf"-(m+l) (r-s(m+l) (2;)) I 



and 



< Ca,„(l + |s(m + 1)1 + |s(m + l)r)1|T^,,„||^(l + e) 

Tr {t„,+i (r3(m+i)(%,„(a))) ■ ^ ■ Tf"_(™+i) (r_s(m+i) (2;))) 
< Ca,™(l + \s{m + 1)1 + |s(m + 1)12)2(1 + e). 

By letting e 0, then applying the triangle inequality and just derived inequalities 
to (dm, we arrive at ([^^ and, hence, at (PTT]) . 

For a > 2, we derive < c^.m from (|2.7p by interpolation. Fix a > 4 

and fix /3 e (2, a). There is 6' e (0, 1) such that 

I _i-9 e 

'P ~ 2 ^ a' 
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By the complex interpolation method [3], 



12^-^0,1 II ^ IIt'^*^'"^ II IIt"^*^'"^ II ^ ^ IIt'^^'^II^ 

I 0h,mll/3 — 11 <Ph,m\\2 11 tph.mWa — 11 4'h.,m\\a' 



Combining the latter inequality with (|2.7p gives 



which implies the estimate (j2.6p for a > 4. By duality and Lemma 12.71 ([n]), we 
obtain this estimate for 1 < a < 2. Applying the interpolation again completes the 
proof of the theorem for all a G (1, oo). □ 

To make an inductive reduction to the lower order case, we need decompositions 
for functions more general than (f>h,m- 

For h a polynomial, m,k G NU {0}, {AjI^Lq C T, denote 

0n,h,m,fe(Ao, . . . , A„) (2-10) 

"l i-tn 



JQ Ja 



t'^s^h[\n + (A,i_i - A„)i„ + . . . 
+ (A2 - \3)H + (Ai - X2)t + (Ao - Ai)s) dsdtdtz ■ ■ ■ dtn-i dtn- 

By a standard property of the divided difference [H Formula (7.12)], 

<^n,/("), 0,0(^^0, • • • , A„) = /'"l(Ao, . . . , A„). 

In case of three variables, (j2.10p should be understood as 

02,M«,fc(Ao,Ai,A2) - / / t^s^h{\2 + {\i-\2)t+{\o-\i)s)dsdt 



'0 JO 

and in case of two variables as 



0i,/i,m,fc(Ao, Ai) = / i''/i(Ai + (Ao - Ai)i) = (/);t,fc(Ao, Ai). 
Jo 

Below, we reduce the functions (t>n,h.m,k to the same type of functions of the previous 
order first for 71 = 2 (see Lemmas 12.141 and I2.15P and then for n > 2 (see Lemma 

Denote u{t, s) := + (A — £_)t + (^ — A)s. 

The following two lemmas have assertions similar to the one in }19l Lemma 5.9]; 
however, the proof of the latter does not extend to the complex plane. The main 
ingredient of the new method is the usage of Green's theorem. 
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m \ /.J — A 
, 1 ft^^i 



Jo 



Lemma 2.14. Let k G (0, 1], A,^,/i G T, with X =/= fi, and let h be a polynomial. 
Then, 

t'^-^hiK^ + (m - Ot + (A - /i)s) ds dt (2.11) 

^0 

, , , {k"' ^ t"')h{K^ + ifi - ^)t) dt. 
m \/i — A 

Proof. It is enough to prove the lemma for k = 1 and ah A,^, /i G D, with |A| = 
1^1 = and X ^ fi, then make the substitution A = kA, ^ = k^, and fi = k//, 
t = Kt, s = Ks and derive the formula for A, ^, and /i. 
Note that 

r-l rt 

+ - + (A - rfs rfi 
/ i™-i/i(^+(A-Oi+(At-A)s)dsdi (2.12) 

'0 "'0 

(the first integral can be obtained from the second one by substituting x = t — s, 
dx = —ds), so it is enough to prove 
f 1 rt 

f"~^/i(e + (A - 0^ + (/^ - A)s) ds dt (2.13) 
^ ^^"^ > ' {l-t"^)h{^+iX-Ot)dt 

.,,{1- tnKi + (/i - m dt. 

m — X/ 

First we assume that all points A,^, /i are distinct. It is simple to verify the 
equality 

BO rIP 

t^-'h{^ + (A - Ot + (A' - A)s) = -^{s, t) - — (s, t), 

where 

Q{s, t) = -t™/i(e + (A - + (a* - A)s), 

TO 

P{s, t) = 1 A^t™;i(e + (A - + (/^ - A)s). 

TO /I — A 

By Green's theorem applied to the function 

{s,t)^t^~^h{i^{X-i)t+{ii-X)s), 

we have 

dQ__dP_ 
'dt^'dl 



TO \/i — A 

1 ft^-^ 



dsdt ~ d) Q ds + (p P dt, 

'dD JdD 
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where D C C is the triangular region with vertices at the points A, ^, ^ with the 
positively oriented boundary dD given by the equations s ~ 0, t = 1, and s — t 
(the boundary is also simple, closed, and piecewise smooth). Thus, 

Qds+ f Pdt 

dD JdD 

= - f /' + (A - Ot) dt-- C f"h{C + (/i - m dt 

--f^— 4)/ t"'h{^ + {ti-Ot)dt+- f h{X + {ti- X)s)ds. (2.14) 
TO \fi - XJ Jq m Jq 

We apply Lemma [2.101 (with to = 0) to rewrite the latter integral in the form 
1 

h{X + {^l- X)s)ds (2.15) 

1 f^-^\ f\(^x + {^-x)t)dt + -(^^] /\(e + (m - e)t) rfi. 



m\ii — XJJq m \fi — X J Jq 

Substituting (j2.15p into (|2.14p and combining the second and third terms of (|2.14p 
gives ((21^ . 

When A = ^, upon changing the order of integration, the left hand side of (|2.13p 
equals 

/ / t"'-^h{^+{fi~Os)dtds = - f (1 - s™)/i(e + (/i - e)s) rfs, 
Jo Js 

which also equals the right hand side of (|2.13p . 
When ^ = /i, the left hand side of (|2.13p equals 

/ / t"'-'^h{^+{X-0{t-s))dsdt. 
Jq Jo 

We make substitution x ^ t — s and change the order of integration to obtain 
lo fx + (A — S,)^) dt dx, which coincides with the right hand side of (j2.13p . 

□ 

Lemma 2.15. Let k G (0, 1], A,^,// G T, with X ^ ^, and let h be a polynomial. 
Then, 

s''-^h{K^ + (A - Ot + (P - A)s) ds dt (2.16) 

^0 

f t''h{KX + {fi~X)t)dt 

Proof. We prove (|2.16p first for the case k = 1 and then make the change of variables 
as in Lemma [2. 141 



k\C-X 

1 /M-e 
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First, we assume that all points A,^, /i are distinct. Note that 

s'^-'hi^ + (A - Ot + (/i - A),s) = ^(s, t) - ^{s, t), 



where 



= -7 ) ^'Ki + (A - Ot + - A)5), 



P{s, t) = + (A - i)t X)s). 



By Green's theorem we obtain 

r-l rt 

„k-l 



s + (A - + ip- A).s) dsdt 



"'0 



^ V A C / J ^ v/o 

s''/i(A + (a* - A)s)ds, 



1 ^M-A\ fc, 



^- Jo 
which equals (|2.16p . 

The case ii = X follows upon evaluating the inner integral on the left hand side of 
(j2.16p . In the case ^ = ^, the formula can be obtained by substitution and change 
of the order of integration similarly to how it was done in Lemma 12.141 □ 

Lemma 2.16. If n > 2 and to, A: e N, then 
(i) for Ao ^ Xi, 

Y^n,h,m— 1,0 (Ao, Ai, A2, . . . , A„) 

= — 1 1 + 1 ^~ ) (<^n-l./i,m.o(Ao, A2, . . . , A„) — (/!'ri-l./i,0,)ri(Ao, A2, . . . , A„)) 

m V Ai - Ao / ' 

■v (0n— l,?i,0,tTi(Al, A2, . • . , An) '/'n— l,?i,m,o(Al , A2 , ■ • . , Aji) ) , 

TO Ai — Ao 
(a) for Ai 7^ A2, 

1 (Ao, Ai, A2, . . . , A„) 
^ 7 1 -'^ + "T ri 4>n-l,hfi.k{Xo, A2, A3, ... , A„) 



k \ A2 — Ai 
1 Ai - Ao 



kX2- Xi 
(in) for Xo = Xi = ■ ■ ■ = A„, 



4>n-l,h,0,k{Xo, Ai, A3, . . . , A„). 



4>n,h,m-l,k-l{Xn, . . . , Ao) — Cn,m,kh{Xo). 
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Proof. The formula in (iii) is obtained by evaluating the integrals in (|2.10p . For 
n = 2, (i) and (ii) are the assertions of Lemmas 12.141 and 12.151 respectively. The 
case n > 2 is proved by reduction to the case n = 2. We prove (i); (ii) can be 
proved almost verbatim. 

By making the substitution 

2 n—1 n 

S = So, i = So + Si, ^3 = ^ Sj, • ■ • , in = ^ Sj, 1 = ^ Sj 
j=0 j=0 j=0 

in the integral in (|2.10p . we obtain 

(Ai, Ao, A2, . . . , A„) 

= / (so + si)™"^/i(soAo + siAi + S2A2 + S3A3 H |-s„A„)d(T„, 

"'•Si 

where the simplex 

= |(so, . . . , s„) e R"+i : = K, Sj > 0, < j < n\ 

is equipped with the Lebesgue surface measure c?cr„ defined by 

j 4>{sa,...,s„)dan = J 0^so, . . . , s„_i, k - ^ sj^ dw„ 

for every continuous function : ]R"+^ 1-^ C, where dvn is the Lebesgue measure 
on R" and 

K = ((so, . . . , s„) e M"+^ : < K, Sj > 0, < J < n\. 

If we set K = 1 — J=3 Sj ■ then we can split the integral over S"^ into the repeated 
integral J^i ds^ . . . dsn Jg^ dan- Therefore, if we set s = si and t = so + si, we 
obtain 

(Ao, Ai, A2, . . . , A„) 
= / ds3...dsn [ [ t"'^^h{KX2 + {Xi - X2)t+ {Xo - Xi)s)dsdt. 

J R\_^ Jo Jo 

By Lemma [2. 141 the latter equals 
1 / A2 — Aq 



TO \Xi- Xo/ Jo 
, 1 /Ai - A2 



ds3 . . . dsn / (k™ - e')h{nX2 + (Ao - A2)i) dt 



m \ Ai — Ac 



0/ JRI , Jo 



dsa . . . dsn / (a«"' - t'^)h{KX2 + (Ai - X2)t) dt. 
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Making the substitution sq = t, S2 = k — t in the first and si — t, S2 — n — t in the 
second integral, respectively, we obtain 

(Aq, Ai, A2, . . . , A„) 

^° ' ' ds^...dsnl ((so + S2)™ - Sq")/i(soAo + S2A2 H VSn\n)dai 

ds3... dsn / ((si + S2)" - s™)/i(siAi + S2A2 H h .s„A„) dai. 



1 /Ai - A2^ 



m V Ai — Aq 



By substituting t = sq, ^3 = so + S2, • • • , in = so + Z]"=2 Sj, 1 = so + Z]"=2 

the first and t = si, = si + S2, . . . , i„ = X]j=i 1 ~ *j i'^ ^li*^ second 

integral, respectively, we obtain 

(Ao, Ai, A2, . . . , A„) 

WA2-Ao\ / / / (^m,^™) 



TO V Ai — Ao 



./o 



• /i(A„ + (A„_i - A„)i„ -i h (A2 - A3)t3 + (Ao - X2)t) dt dt^ . . . dt^ 

• /l(A„ + (A„_i - \n)tn -\ h (A2 - A3)t3 + (Ai - X2)t) dt dt^ ...dtn, 

which completes the proof of (i). □ 

Theorem 2.17. Let n,m Cz N and let 1 < a,aj < 00, for j = 1, . . . ,n, be such 

that < i = ^ H h ^ < 1. For (pn,h^p,q as m (|2.10p and {p,q) £ {(to - 

1,0),(0, TO— 1)}, the transformation T^^ h p q '■ x ••• x 5"" i— > S°' is bounded 
and 

||"^0ji,h,p,g II — ^n,m,ai ,...,a,i 1 1 ^1 1 00 ■ 

First we prove the boundedncss of T^^ ^ ^ ^ on the diagonal set. 

Lemma 2.18. Assume the notation of Theorem \2.17\ and let 

4") {(Ao, . . . , A„) : Ao = • • • = A„ e {z,}fjo'}- 

The transformation ^ 10^^ bounded on S""^ x • • • x S""- , with the bound as in 
Theorem \2Al\ 

Proof. Wc prove a more general result. Let be a bounded Borcl function on T"+-'^ . 
Then, the polylinear operator 

Af-l 

A0(a;i, ...,Xn)-= ^ <l>{zj,Zj, . . . , Zj)EjXiEjX2 ■ ■■■■ XnEj 
3=0 
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is bounded on S"^ x • • • x S"" . 
Since 

JV-l N-l 

A^{xi,...,x„) = ^ (p{zj,Zj,...,Zj)Ej ^ EkXiEkX2 ■ ■■■ ■ x„Ek, 

j=0 k=0 

it is enough to prove the boundedness of with (f) = 1. 
Consider the unitary 

Af-l 

Ut=Y^ e^'^'^^Ej, Q<t<l. 
j=o 

We now observe that 

dti . . . dtn 



Ai(a;i, . ..,Xn)^ ■■■ 

Jo Jo 



due to orthogonahty of the trigonometric functions. Thus, the estimate 

||Ai(a;i,...x„)|U<||xi|U^.....||x„|U^ 

follows. □ 

Proof of Theorem \2.17\ The case n = 1 is proved in Theorem 12.81 We prove the 
bound for T^^ ^ ^ oi ^ 1; by induction on n; the case of T^^ ^ ^ ^ is completely 
analogous. 

Assume that the transformation where {k,l) S {(m, 0), (0, m)}, is 

bounded on S"^ x • • • x S'"" with norm no greater than Cn^m,ai,....Q„ |l/i||oo- Note 
that it is enough to show that 

sup |Tr (ccqT^^ ,„_i_o ( 

XjGS''i , \\xj\\^.<l. 0<j<n 

where 1 < an < oo is such that 1 = — + — + ••• + —. 

We shall use the boundedness of T^^-i h k i ^^'^ decomposition of Lemma 
12. 161 to prove the boundedness of T^^ h m-i o- Denote 



z eJ : arg(z) G 



27rfc 27r(fc + 1) 



fc = 0, . . . , ri + 1, 



n+2 n+2 

and let N from Definition 12.51 be divisible by n + 2. (Here arg(z) denotes the 
principal value of the argument of the complex number z.) By additivity of the 
multiple operator integral, we have 

n....r.-..0^ E ^^llJ.O ' (2-17) 

fco,fcl,---,fc„e{0,l,...,n + l} 

where the number of summands is, clearly, determined by n. We shall estimate 
separately each of the terms in (|2.17p . 
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The boundedncss of T, ° on 5*"^ x • • • x S*"" follows from Lemma [2. 181 so 



-1,0 



wc shall consider T^^ ^ ^^ -^ ^ only away of the diagonal set Ag"'. 



We shall estimate the norm of 



I™ . ' (2.18) 

by applying the following method. 

Similarly to Lemma 12.121 we have 

A2-A1 f\Xi-Xo\\ f X2-Xi\ f ,^^|A2-Al|-^ 



Ai — Ao V Ai — Ao / \ IA2 — Ai I / Jji \ |Ai — Ao|' 
whenever 1'^''^'^^ < 6 ~ Sn- Let 

|Ai-Ao| — " 

A { (Ao, . . . , A„) : Ao, . . . , A„ € {zj}fs„\ Aq ^ Ai } 

:=((Ao,...,A„)eA: ^^<5 

Let D be a Borcl subset of A^. Denote by -Djo....jfc the projection of D onto the 
coordinates jo , . . . , jfc • Denote 

V'o,.(Ao,Ai):= ( '^^1^°' ) |Al-Ao|-'^ ^2,.(Ai, A2) := ( |a'Ia!| ) 
By Lemma 12.161 and Lemma 12.71 (pli)) and (|iv]) , 

™^i!,.,™-i,o(^i'---'^") (2-19) 

_ ^0?.-i,h,™,o {^!po,si^2.s (2^1' ^2), a;3, . . . , a;„)gA-(s) ds 
, ^<^-i,h,o,™ (.'^Z^s^l.s X3,..., Xn)gsis) ds 

+ 1^ ^v^o°l'(^i) ■ ^i!-i,h,™,o(^^2!f (^2),a;3, . . . ,a;„)55(s) ds 

, ^ia'o°1'(^i) ■ ^Z-l.H,o.,^ {T^^][^{X2),X3, Xn)g5{s) ds. 

Thus, in order to claim the boundedness of ^ ^ ^, it is enough to prove the 
boundedness of with {k,l) £ {(m, 0), (0, m)}, and the boundedness of 

Now we apply the general method to estimate the norm of (|2.18l) . There are 
two principal cases. One is when there exists an index i £ {0, 1, . . . , n} such thalQ 
|fci+i — fcil > 2 (and, hence, |z — > c„ > for z G Q'C'Ii > ""^ ^ Q^"^) and the other 



^Here the increment and decrement of the index i is understood modulo n, that is, if i = n, 
then i + 1 = and if i = 0, then i — 1 = n. 
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is when jfcj+i — ki\ < 1 for all i. In the latter casejj there is a G (0,7r] such that 
arg(z) C [a, a + tt] whenever z e Qk^\ for each i. Thus, in this case we have the 
inequality \zj, - Zj„ \ > \zj^ - Zj, \ whenever zj,, , zj, , z^, e Q^^"' U q["' U • • • U Q^"^ 
and jo < j2 < ji- 

Case 1: there exists i such that \ki^i — fci| > 2. 

As noted above, shifting the variables does not affect the norm of (|2.18p . so it is 
enough to consider the subcase i = 0. 
We apply the reasoning (j2.19[) with 

^ = Qi:^xQi:'x...xQi"J, i^o,i = Oi:'xOi':), and D,^^C^^C^. 

Set Q^"^ := E{Q^^^). Then, the operator 

is bounded by the induction notations and boundedness of the projections Q\. , 
i ~ 0, . . . the operators T^°'^ and T^^'^ are bounded by Lemma [2.13l and Lemma 
12.71 (pv| ; the operator 

is bounded by Lemma [^T71 ([m]). This completes the proof of Case 1. 

We split the case — fci| < 1 for all i" into two subcases below. 

Case 2: /cq = fci = • • • = A:„ . 

We adjust the argument of Theorem [191 Theorem 5.3] and demonstrate only 
the case fcg = 0. Let e ~ (ei, £2, . . . , £«) £ { — 1, 1}" and define 

if, :={(z,„,...,z,JeQ^"'x...xQ("^ 

ji-i < ii if 1; > ii if £1 = -1, 1 < i < n}. 

The space : — {(-^^joi ■ ■ • j ^j„) G Qo x • • • x Qq \ splits into the disjoint 
union of 2" sets if,, where e e { — 1, 1}". There is an index such that ji^-i < ji^ 
and ji^ > ji^+i- By fixing j,, we further split into subsets ife^d, (i = 0, 1, where 

Ke,i := { (zjo ,...,ZjJ e Ke ■■ ji, -1 > ji.+l } • 



Ui = i, i < f 

If n is even, then a typical example is < 

\ki = n-i + 1, j > f . 
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The space Z splits into the disjoint union of 2"+^ sets K^ ^ and, hence, 



For fixed e and 



ji.-i < jj.+i < ji,, if = 0, 

By shifting and also reversing if i = 1 the enumeration of the variables (as in Lemma 
12.71 and we may assume that jo < j2 < ji- We apply the reasoning p.l9p 
with 

D = {(zjoi ■ • ■ :^jJ e Q[,"^ X • • • X Q[,"^ : jo < j2 < jl}, 

which equals i^^.o with i,, — 1. Let x^"^ denote the strictly upper triangular trun- 
cation of xi and X2'^ the strictly lower triangular truncation of X2 with respect to 
the family {Ej}fl^g"^^^^^ (defined in Definition . Then, 

and 

are bounded by Lemmas 12.131 and 12.71 and the boundedness of the triangular trun- 
cation. 

Case 3: |fci+i — fc^j < 1 for all i and — kj \ = I for some j. 

In this case, there exists an index j such that the sets Q^"'' ^ = Qk^\i ^^'i Qk^-^ 
are disjoint. By Lemma 12.71 (pT]) . it is enough to consider the subcase j = 1. Let 
(zjo, Zj^, ZjJ e Q^."^ X Q^."' X Q^"-*. If ko = fc2 < fci, then we have jo < .12 < ji and, 



111 

then we have ji < j2 < jo (or ji < jo < j2). Since the point (A2, Ai, Aq, A„, . . . , A3) 



h'^nce, < 1 (or j2 < jo < ji and, hence, |^^^^^^° < 1); if fco = ^2 > fci, 



can be obtained from (Ao, Ai, A2, A3, . . . , A„) by shifting and reversing 

(Ao, Ai, A2, A3 . . . , A„) H' (Ai, A2, A3, . . . , A„, Ao) ^~> (Ao, A„, . . . , A3, A2, Ai) 
I— >■ (A2, Ai, Ao, A„, . . . , A3), 



in view of Lemma 12.71 ^ and (|n|), it is enough to consider only the subset of 
QI""* X Qi"-' X q!"-' for which — < 1- For this subset, we apply the reasoning 

l 2 I ^ j 1 I 

(|2.19p similarly to how it was done in Case 2, where xi,X2 are replaced with their 
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upper or lower triangular truncations (depending on whether we have jo < j2 < ji 
or ji < 32 < Jo)- □ 

Proof of Theorem \1.2i (i) On the strength of Lemmas 12.31 and 12.41 we assume that 
Uq is unitary with spectrum contained in {zj}^SQ^ and that to = 0. By Lemma l2.6l 

^{f{Uo + tV))\^^,^n\Tf,,{V^_^). 

n times 

Hence, by Theorem 12.171 applied to ^^^^ ^ ^ and aj — n, j — 1, . . . , n — 1, we 
have pT^ . 

(ii) Applying Lemma 12.21 Holder's inequality, and (i) completes the proof. □ 

3. Proof of Theorem 11.31 

We need the following formula computing the norm on the factor space (T) / (T) , 
where is the Hardy space {/ £ L^(T) : f{n) — 0, for all n < 0}. 

Lemma 3.1. ( \'20l Lemma 5]) For every f S L^{T), the equality 

g{z)f{z)dz 

T 

holds, where V is the set of all complex polynomials. 



il/IUv-ff^ = sup 

||g||„<»<l, geV 



The next theorem extends the result of [101 Theorem 6] for V ^ S'^ to perturba- 
tions in 5", n > 3. The proof of this general result relies on the estimate (jl.4p of 
Theorem 11.21 and on Lemma [ 



Theorem 3.2. Assume Notations Let W G S*". There is a function rjn G 

L^(T) depending on n,Uo,V,W such that 

j\l^tr-'Ti- (^^fiUo + tV)W^ dt = lj^-\z)rj^iz)dz, (3.1) 

for every polynomial f . The class of all such functions rjn corresponds to a unique 
element [rjn] G L^/H^ satisfying 

\\[Vn]\\L^/m<Cn\\V\\--'\\W\U. (3.2) 

Proof. The proof is split into two steps. 

Step 1. We show that there is a measure Vn,w with < c„|iy|l"~-^|l W|l„ 

such that 



[n 



^ j\l~tr-^Tr (^^f'{Uo + tV)w'^ dt = jj^-\z)du^.^{z). 
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Let A{T) denote the space A(D) n C(D) equipped with the norm induced from the 
space C(D). Consider the quotient space 

Xn = A(T)/{/ e AiT) : /(") = 0}, 

where the completion is taken with respect to the norm ||/'"'||oo coming from the 
seminorm / i-> ||/'^"-'||oo on A{T). The space (AVt, [/] || /'■"•' ||oo) is a Banach space 
and it is isometricaUy isomorphic to A{T) via the nth power of the differentiation 
operator. Consider the hnear functional 

on Xn, which is well defined because the right hand side of (|3.3p equals zero if 
/(") = 0. This follows from Lemma O since /'■"•' =0 implies that the degree of 
the polynomial / is less than n. From Theorem [TT2] (i) and Holder's inequality, we 
obtain 

i0iv(/("^)i<c„ii/Miunir^iiw^iu, (3.4) 

that is, is continuous on Xn — ^(T), which can be considered as a closed 
subspace of C(T). Thus, by the Riesz-Markov and Hahn-Banach theorems, there 
is a finite complex-valued measure I'n.w on T such that 

Jt 

UwlU: = \Wn,w\\ < Cr,m~^\\W\\n. (3.5) 

Step 2. We show that any measure iyn,w satisfying p.5p has an absolutely 
continuous anti-analytic part, that is, there is r]n G L^{T) such that Vnik) = f]n(k), 
for k < -1. 

Firstly, we assume that W £ S^. Integration by parts gives 

(;^f(i-tr-Tr(|iim+ty)H^) dt 
^(;^TKlSm+ty)|,^„M.) 

=:0M/,i(/^"-'')-</'w,2(/^"^''). 

Consider the functionals 4>w,i and 4>w.2 defined on Xn-i ~ ^(T). By repeating the 
reasoning of Step 1, we derive existence of finite complex- valued measures fj,n,i and 
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fin,2 such that 



and 



Observing that the function e'^ M„.i(e'^) = fJ^n.iiSe) is bounded and measurable 
onS'e = {zGT:0< argz < 9} and using integration by parts, we obtain 



27r „27r 



"'O 



dz 



Similarly, integrating by parts gives 

0H',2(/("-'^) = /("-i)(1)a*„,2(T) +i / /(")(z)Af„.2(z) -, M„,2(e'') = Mn,2(5e). 

Jt ■ z 

Note that (/fvy = 'Pw,! — 4>w,2 and apply this equality to f{z) = (j^^iy z"^^"^ to derive 

/i„4(T)-Mn,2(Tr) =0^(0) =0. 

Therefore, 
where 

r,„(z) ^(il/„,i(z) - Af„,2(z)) e i°°(T). 
Employing the estimate p.4p and Lemma 13.11 gives 



ll/<"'lloo<i, /eP 



A''\z)ijAz)dz 



sup |<^w(/("))| 

ll/<"'lloc<i, /e-p 



This completes the proof of Theorem 13.21 in case W € . 

Now assume W e S'\ Let C 5^ be such that \\Wk\\n < \\W\\n and 

limfc_i.oo ||T^ — W^A;!|n = 0. Let {j]n.k}kLi be the sequence of functions constructed 
above with respect to the triples (C/q, V, Wk). We have 

\\[Vn,k] - [Vn,rn]\\L^/H^ = \\<PWk ~ 0W,„|U* = II^W^-IV^IU- 
<Cn\\V\\l-^\\Wk-W^\U 

and, hence, {?7n.fc}fe°^i is Cauchy in L^{T)/H^{T). Let [7^„] denote the limit of this 
sequence in L^{T)/H^{T), where r/„ e L^{T). This satisfies the assertions of 
Theorem [HI21 □ 
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We conclude with the proof of the existence of the higher order spectral shift 
function on the unit circle. 

Proof of Theorem \1.3[ We invoke the integral representation for the remainder 

RM,Uo,V) = ^^^-^ dt, (3.6) 

which follows from [22l Theorem 1.43 and 1.45]. Thus, by Lemma [Q 

/(")K^Tr(i?„(/,(7o,V^)) 

coincides with the functional p.ip in Theorem l3.2l where W = V. Hence, Theorem 
13.21 implies existence of [rjn] G / such that 

\\[Vn]\\L^/H^ <Cn\\V\\Z 

and such that every representative in the class [rjn] satisfies (|1.5p . By the definition 
of / norm, for every e > 0, there is a function 7^„ e L^{T) such that (jl.6p 
holds. □ 

References 

[1] V. M. Adamjan, H. Neidhardt, On the summability of the spectral shift function for pair of 

contractions and dissipative operators, J. Operator Theory 24 (1990), no. 1, 187—205. 
[2] A. B. Alcksandrov, V. V. Poller, Trace formulae for perturbations of class Sm, J. Spectral 

Theory 1 (2011), no. 1, 1-26. 
[3] J. Bergh, J. Lofstrom, Interpolation spaces. An introduction, Grundlehrcn der Mathematis- 

chcn Wissonschafton, vol. 223, Springer- Vcrlag, Berlin - New York, 1976. 
[4] R. A. DeVore and G. G. Lorentz, Constructive approximation, Grundlchren der Mathema- 

tischen Wissenschaften, vol. 303, Springer- Verlag, Berlin, 1993. 
[5] P. G. Dodds, T. K. Dodds, B. de Pagter, F. A. Sukochev, Lipschitz continuity of the absolute 

value and Riesz projections in symmetric operator spaces, J. Funct. Anal. 148 (1997), no. 1, 

28-69. 

[6] F. Gesztesy, A. Pushnitski, B. Simon, On the Koplienko spectral shift function, I. Basics, 
Zh. Mat. Fiz. Anal. Geom. 4 (2008), no. 1, 63 - 107. 

[7] I. C. Gohberg and M. G. Krein, Theory and applications of Volterra operators in Hilbert 
space. Translated from the Russian by A. Feinstein (Russian). Translation: Mathematical 
Monographs, vol. 24, American Mathematical Society, Providence, R.I. 1970. 

[8] E. Kissin, D. Potapov, V. Shulman, F. Sukochev, Operator smoothness in Schatten norms for 
functions of several variables: Lipschitz conditions, differentiability and unbounded deriva- 
tions, Proc. London Math. Soc. 105 (2012), 661-702. 

[9] L .S. Koplienko, Trace formula for perturbations of nonnuclear type, Sibirsk. Mat. Zh. 25 
(1984), 62-71 (Russian). Translation: Siberian Math. J. 25 (1984), 735-743. 
[10] M. G. Krein, On a trace formula in perturbation theory, Matem. Sbornik 33 (1953), 597 - 
626 (Russian). 



28 



POTAPOV, SKRIPKA, AND SUKOCHEV 



[11] M. G. Krein, On the perturbation dterminant and the trace formula for unitary and self- 
adjoint operators, Dokl. Akad. Nauk SSSR 144 (1962), 268 - 271. 
[12] M. G. Krein, V. A. Yavryan, Spectral shift functions that arise in perturbations of a positive 

operator, J. Operator Theory 6 (1981), no. 1, 155 - 191 (Russian). 
[13] M. G. Krein, Perturbation determinants and a trace formula for some classes of pairs of 

operators, J. Operator Theory 17 (1987), no. 1, 129 - 187 (Russian). 
[14] H. Neidhardt, Spectral shift function and Hilbert- Schmidt perturbation: extensions of some 

work of L.S. Koplienko, Math. Nachr. 138 (1988), 7- 25. 
[15] V. V. Peller, Hankel operators in the perturbation theory of unbounded self-adjoint operators. 

Analysis and partial differential equations. Lecture Notes in Pure and Applied Mathematics, 

122, Dekker, New York, 1990, pp. 529 - 544. 
[16] V. V. Peller, An extension of the Koplienko- Neidhardt trace formulae, J. Funct. Anal. 221 

(2005), 456 - 481. 

[17] V. V. Peller, Differentiability of functions of contractions, Linear and complex analysis, 
Amer. Math. Soc. Transl. Ser. 2, vol. 226, Amer. Math. Soc, Providence, RI, 2009, pp. 109 
- 131. 

[18] G. Pisier and Q. Xu, N on- commutative -spaces, Handbook of the geometry of Banach 

spaces. Vol. 2, North-Holland, Amsterdam, 2003, pp. 1459 - 1517. 
[19] D. Potapov, A. Skripka, F. Sukochev, Spectral shift function of higher order, Invent. Math., 

to appear, l arXiv:0912.3056l 
[20] D. Potapov and F. Sukochev, Koplienko spectral shift function on the unit circle, Commun. 

Math. Phys., 309 (2012), 693 - 702. 
[21] D. Potapov and F. Sukochev, Operator-Lipschitz functions in Schatten-von Neumann classes. 

Acta Math., 207 (2011), 375 - 389. 
[22] J. T. Schwartz, Nonlinear functional analysis, Gordon and Breach Science Publishers, New 

York - London - Paris, 1969. 
[23] B. Sz.-Nagy, C. Foias, Harmonic analysis of operators on Hilbert space. Translated from the 

French and revised North-Holland Publishing Co., Amsterdam-London; American Elsevier 

Publishing Co., Inc., New York; Akadc'miai Kiado', Budapest, 1970. 

School of Mathematics and Statistics, University of New South Wales, Kensington, 
NSW 2052, Australia 

E-mail address: d.potapov@unsw.edu.au 

Department of Mathematics and Statistics, University of New Mexico, 400 Yale Blvd 
NE, MSCOl 1115, Albuquerque, NM 87131-0001 
E-mail address: skripka@math.uum.edu 

School of Mathematics and Statistics, University of New South Wales, Kensington, 
NSW 2052, Australia 

E-mail address: f . sukochevSunsw . edu. au 



